The difference between equality and identity of two fuzzy numbers is discussed in this paper. According to fuzzy arithmetic with requisite constraints put forward by Klir, the fuzzy arithmetic with equality constraints and its expression based on structured element are put forward, and then the irreversible problem in traditional fuzzy arithmetic is solved. From the expression based on structured element, the fuzzy arithmetic with equality constraints is turned into the operation of two monotone functions with the same monotonic form. From this transition we get the operation method of equality constraint arithmetic and the calculation method of fuzzy equation.
The problems in fuzzy arithmetic
The set of all bounded closed fuzzy numbers on real number field R is denoted byÑ C (R). If A ∈Ñ C (R), then the membership function ofÃ is µÃ (x), x ∈ R. Let (G, * ) be a group. If a, b ∈ G, and a * b −1 = a * b, then * is called the inverse operator of * , where b −1 is the inverse element of b.
As is well known, the fuzzy arithmetic is defined by extension principle [1, 2, 4] . For example, A,B, are the given bounded closed fuzzy numbers and * is a binary operator. From extension principle, the membership function ofÃ * B is 
But if we use extension principle without analysis in fuzzy arithmetic, it often leads to dubious results. Now there exist at least three problems in fuzzy arithmetic. 
µÃ(x)
So generally speaking, µÃ ·Ã (z) = µÃ 2 (z), and thenÃ ·Ã =Ã 2 . (III) The irreversible problem of fuzzy arithmetic Let (R, * ) be a group, and * is the inverse operator of * . For the given bounded closed fuzzy numbersÃ,B,C, ifÃ * B =C, andÃ is solvable, then we can not obtainÃ =C * B. Conversely, if A =C * B, we can not obtainÃ * B =C.
From the problems it follows that there exists essential difference between fuzzy arithmetic and ordinary real number arithmetic, and fuzzy arithmetic is more complex than ordinary real number arithmetic.
To overcome the problems in I and II in the applications, Klir [5] puts forward fuzzy arithmetic with requisite constraints. For the sake of simplicity, we call it constraint arithmetic. Let A λ be the λ-cut of fuzzy numberÃ, i.e. A λ = {x | µÃ(x) ≥ λ, x ∈ R}. For the binary operator * , the corresponding constraint operator * R is defined as
From (2) and (3) it follows that
But the constraint arithmetic only takes the arithmetic of identical fuzzy numbers into account. For A * B =C, we still can not getÃ =C * B. The constraint arithmetic can not resolve inverse operation of fuzzy numbers, so it can not solve the equation which contains fuzzy numbers.
Equality and identity of two fuzzy numbers
In order to resolve the problem of fuzzy arithmetic which contains equal fuzzy numbers and apply the constraint arithmetic of fuzzy numbers correctly, it is necessary to put forward the definition of identity of fuzzy numbers and understand the difference between equality and identity of two fuzzy numbers.
For sake of understanding, we use intervals as example.Ā,B, are intervals, and their operation is defined as
If * is a division operator, then 0 / ∈B LetĀ = [1, 2] ,B = [1, 2] , the subtraction and division arē
AlthoughĀ andB have the same interval, they are not identical in essence, andĀ andB are called equality. IfĀ andB are identical, theñ
The two intervals in the expressions above are identical, and we can use constraint arithmetic. So the constraint arithmetic which is put forward by Klir is fit for the operations between the identical intervals, not between the equal intervals. Based on the work above, we call the constraint arithmetic which is put forward by Klir identity constraint arithmetic.
In fuzzy arithmetic the definition of identity of fuzzy numbers is very important. For the equal fuzzy numbers, we calculate them with (1); for the identical fuzzy numbers, we calculate them with (2) and (3) . In fuzzy analysis the definition of identity of fuzzy numbers is also very important. For example, the fuzzy-value function arẽ
whereλ andβ are fuzzy numbers. In the fuzzyvalue functionf (x), although fuzzy parametersλ andβ may have the equal fuzzy numbers, they are different in essence and independent from each other. However, in the fuzzy-value functiong(x), the two fuzzy parameters are identical and correlative. So the two fuzzy-value functionsf (x) and g(x) are different in essence, and we should make use of identity constraint arithmetic to solve the membership function ofg(x).
3. The structured element expression of identity constraint arithmetic
The expression of structured element of fuzzy number is put forward in [6] . According to the homeomorphic property [7, 8] between the monotone function family with the same monotonic form on [-1, 1] and the bounded fuzzy number, we can easily get the equivalent representation of identity constraint arithmetic on the monotone function family with same monotonic form. On the work above we extend the identity constraint arithmetic to the equality constraint arithmetic in which the fuzzy numbers is equal, and then resolve the inverse operation of fuzzy numbers. Let's review some definitions and theorems about structured element [6] .
Let E be a fuzzy set on the real number field R and E(x) is the membership function of E. We call that E is a fuzzy structured element on R, if it satisfies the following properties 1)E(0) = 1; 2) E(x) is the monotone increasing and right continuous function on [-1, 0], the monotonic decreasing and left continuous on (0, 1]; 3) E(x) = 0 ( −∞ < x < −1 and 1 < x < +∞ ).
Let E be a fuzzy structured element, and it satisfies the following properties: (i) ∀x ∈ (−1, 1), E(x) > 0; (ii) E(x) is continuous and strictly monotone increasing on [-1,0] and continuous and strictly monotone decreasing on (0,1], then E is said to be a regular fuzzy structured element. If E(−x) = E(x), then E is said to be a symmetrical fuzzy structured element. 
The definition of set-valued extension function is put forward in [6] . In the following, we denotê f (x) as f (x).
Let λ-cuts of fuzzy structured element E be 
then the λ-cuts ofÃ is
The proofs of theorem 3.1 and 3.2 are put forward in [6] . 
and the membership function ofÃ * RÃ is
Proof LetÃ = f (E). By means of (5) we have
Let
From the theorem 3.3 it follows that the equivalent expression of fuzzy structured element of identity constraint arithmetic * R is the operation of monotone functions, there no needs any transitions of monotone functions [7] . In identity constraint arithmetic, if the two fuzzy numbers are identical, then the monotone functions corresponding are identical. In the following, we extend (5) to the situation that the two monotone functions are not identical.
Definition 3.1 Let E be an arbitrary fuzzy structured element, f (x) and g (x) be monotone functions with the same monotonic form on [-1, 1]. If A = f (E),B = g(E), * is a binary operator on R, and f (x) * g(x) has the same monotonic form with f and g on [-1,1], then * R is the generalized constraint operator of * . If
then the membership function ofÃ * RB is
The set of all monotone functions with the same monotonic form on [-1, 1] is denoted by D[-1,1]. In [7] , the definition of monotone transition with the same monotonic form is
Where
It is easy to prove that T is a commutative group about the definition above, and we call it transformation group with the same monotonic form of monotone functions.
Lemma 3.1 Let E be a fuzzy structured element, if f and g are monotone functions with the same monotonic form on [-1, 1], andÃ = f (E),B = g(E), then (a) IfÃ andB are arbitrary bounded fuzzy numbers, thenÃ +B = (f + g) (E) , and its membership function is
µÃ +B (x) = E (f + g) −1 (x) ;
(b) IfÃ andB are both positive fuzzy numbers, thenÃ ·B = f (E) · g(E) = [f · g] (E), and its membership function is
Lemma 3.2 Let E be a symmetrical fuzzy structured element, and f is a monotone bounded function on [-1, 1] . IfÃ = f (E), then
The proof is put forward in [7] . From the definition of generalized constraint operator * R it follows that: 
Proposition 3.3Ã,B,C ∈Ñ
(b) IfÃ ·B =C, and for all
Equality constraint arithmetic of fuzzy numbers and its structured element expression
In the following, we will discuss the inverse operation of fuzzy numbers. For sake of understanding, we also use the intervals as examples. The meaning which is denoted by intervalĀ in example 1 is different from that in example 2. In example 2, it is stressed thatĀ is decided bȳ C =Ā +B, i.e.Ā is constrained byC =Ā +B; in example 1, they useC −B to solveĀ and it is not stressed thatĀ is constrained byC =Ā +B. It is necessary to define a more generalized constraint arithmetic so thatC − eB =Ā. What is different from the identity constraint arithmetic (1) is that the two intervals or fuzzy numbers in this operation is not identical. As is well known, the definition of Hukuhara difference [9] of fuzzy numbers is: LetÃ,B ∈ N C (R), if there existsC ∈Ñ C (R), such that A =B +C, thenC is called Hukuhara difference ofÃ andB, short for H difference, denoted byC =Ã − HB . Obviously, H difference is the equality constraint arithmetic of addition of fuzzy numbers or the equality constraint subtraction of fuzzy numbers.
If fuzzy equationÃ ·X =B has only one solution, and it is denoted byX =B ÷ eÃ , then ÷ e is the equality constrained division of equatioñ A ·X =B.
It is necessary to give an illustration:
, thenÃ −B =C can be seen as A +D =C, andÃ ÷B =C can be seen asÃ · D =C. By means of lemma 3.2 it is easy to get the structured element expressions ofD andD . So we only discuss the equationsÃ +X =C and A ·X =B.
The following theorems imply that the equality constraint arithmetic and generalized constraint arithmetic of equationsÃ +X =C andÃ ·X =B are equivalent. 
X = h(E), where h(x)
Proof LetX = h(E), and h(x) = g(x)−f (x). We need to prove thatÃ+X =B. By means of the structured element expression of fuzzy arithmetic we haveÃ +X = f (E) + h(E)
From lemma 4.1(a) it follows that
which proves thatÃ +X =B. 1] , and the membership function of
Making use of the similar proof of theorem 4.1 and lemma 4.1 it is easy to prove theorem 4.2. 
Theorem 4.3 The necessary and suf f icient condition thatÃ +X =B is solvable is
Proof Suppose that f and g are monotone increasing functions on [-1, 1], then for all λ ∈ (0, 1],
and from theorem 4.3 the necessary and sufficient condition thatÃ +X =B is solvable is
for all λ ∈ (0, 1]. E is a symmetrical fuzzy structured element, then for all λ ∈ (0, 1] we have e The proof is similar with the proof of theorem 4.4.
Conclusions
The equality constraint arithmetic is put forward based on the identity constraint arithmetic of Klir, and the difference between these two constraint arithmetic is that in the equality constraint arithmetic fuzzy numbers are not identical. According to the structured element expression of fuzzy numbers, the equality constraint arithmetic is turned into the operation of two monotone functions with the same monotonic form. From this transition we can get operation method of equality constraint arithmetic, and reasonable explanation and calculation method of solution of fuzzy equation.
